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Abstract
We study the structure and perform some explicit calculations for the power
ultraviolet divergences and their renormalization in the Chiral Pertubation Theory
with lattice regularization in 1 and 2 loops.
1 Introduction.
Chiral Pertubation Theory (ChPT) is nowadays a standard tool to study low-energy
hadron dynamics [1]. The lagrangian of ChPT involves only lightest pseudoscalar de-
grees of freedom. The hadron excitations with higher mass appear only indirectly, via
phenomenological constants of ChPT. As is well known, QCD enjoys an approximate
SUL(Nf)⊗SUR(Nf ) flavor chiral symmetry. This symmetry is exact in the limit of mass-
less quarks. When quark masses are not zero, this symmetry is broken, but, while the
masses are small, this breaking is under control and can be taken into account by a sys-
tematic expansion in mass. The lagrangian of ChPT is written in terms of the unitary
matrix U which is usually parameterized as U = exp{2iφata/Fpi} (φ
a are the pseudoscalar
meson fields and Fpi is the pion decay coupling constant) and involves all terms which are
invariant under the chiral symmetry SUL(Nf) ⊗ SUR(Nf) and the non-invariant terms
including quark mass matrix M and its higher powers. The theory is not renormaliz-
able and involves an infinite number of counterterms which can be ordered by powers of
derivatives (i.e. characteristic momenta) and quark mass. To the leading order
L(2) =
F 2
4
Tr{∂µU
+∂µU} + ΣReTr{MU
†} , (1)
1
where Σ = | < q¯q >vac | is the quark condensate. The lagrangian (1) involves a dimen-
sional coupling F ≡ Fpi resulting in power ultraviolet divergences in the loops. The only
way to get rid of them is to take into account counterterms with higher derivatives and
higher powers of M (this is what non-renormalizability means). To perform the renor-
malization in practice, we have first to regularize the divergent integrals in ultraviolet.
A naive momentum cut-off does not work here; it breaks chiral invariance explicitly. An
almost exclusive way to handle the theory used so far in the literature is the dimensional
regularization. It is practically quite convenient but has a drawback of being artificial
and unphysical. In particular, it does not display power ultraviolet divergences (which
are there in any physical scheme) whatsoever.
In this paper, we explore the lattice regularization scheme. As the only way to define
what quantum theory actually means is to put it on the lattice (so that path integrals
involve a finite number of variables), this regularization is the most natural and the
most physical one from the ”philosophical” viewpoint. In contrast to the dimensional
regularization, it does involve power ultraviolet divergences explicitly which we consider
as an advantage rather than a drawback. The price to be paid is the absence of Lorentz
invariance in the regularized theory which makes the calculations somewhat more tricky
than with dimensional regularization. But this technical complication is not really so
serious.
Intermittently, the issue of lattice regularization and the related issue of the effects
due to nontrivial measure in the path integral for the chiral theory was addressed in the
literature [2], but we are not aware of any explicit calculation with this scheme. We will
perform here some calculations with lattice regularization in 1 and 2 loops. For simplicity,
we will assume M to be diagonal M = m1ˆ and restrict ourselves to the case Nf = 2.
2 One-loop calculations.
Lattice version of the Euclidean action, corresponding to the chiral lagrangian (1) is
following:
S =
F 2a2
2
∑
n,µ
Tr{1− U+n+eµUn} −mΣa
4
∑
n
Tr{Un} , (2)
where a is the lattice spacing and eµ are the unit four–vectors connecting the adjacent
nodes [writing the action (2), we used the fact that Tr{U} is real when U ∈ SU(2)]. Many
different parameterizations of the matrix U can be chosen. To begin with, we choose the
Weinberg parametrization:
U = Uµτµ [τµ = (1, iτ
a); U2µ = 1; U
a = πa/F ] . (3)
We may expand then lattice action (2) in the pion fields πa. For 1-loop calculations, it
suffices to restrict oneself by the terms ∼ π2 ≡ πaπa and ∼ π4:
S =
∑
n,µ
[
a2
2
(πan+eµ − π
a
n)
2 +
a2
4F 2
(π4n − π
2
n+eµπ
2
n)
]
+
M20a
4
2
∑
n
(
π2n +
1
4F 2
π4n
)
, (4)
2
kq
Figure 1: One–loop graph for Π(k).
where M20 = 2mΣ/F
2 is the tree–level pion mass.
To the order 1/F 2 there is only one relevant graph depicted in Fig. 1
To calculate it, we need to know the free scalar propagator on the lattice which can
be taken e.g. from Ref.[3] :
D(x− y) =
∫ pi/a
−pi/a
d4q
(2π)4
eiq(x−y)
M20 +
2
a2
∑
µ[1− cos(qµa)]
, (5)
where xµ = nµa, yµ = n
′
µa are the positions of lattice nodes and the momentum qµ is
restricted to lie in the interval |qµ| ≤ π/a.
Calculating the polarization operator in Fig. 1, we obtain
ΠFig.1(k) =
2
a2F 2
{∑
µ
[D(0)− cos(kµa)D(aeµ)] +
5
4
M20a
2D(0)
}
(6)
where
D(0) =
∫ pi/a
−pi/a
d4q
(2π)4
1
M20 +
2
a2
∑
ν(1− cos(qνa))
, (7)
D(aeµ) =
∫ pi/a
−pi/a
d4q
(2π)4
cos(qµa)
M20 +
2
a2
∑
ν(1− cos(qνa))
. (8)
Here D(aeµ) is the propagator connecting adjacent lattice nodes. It is the same in all
directions. When a≪M−10 ,
D(0) ∼
I
a2
,
D(aeµ) ∼
1
a2
(
I −
1
8
)
(9)
where
I =
1
2
∫ pi
pi
d4x
(2π)4
1∑
i(1− cosxi)
=
1
2
∫ ∞
0
dse−4sI40 (s) ≈ 0.154934 (10)
[I0(s) = 1/2π
∫ pi
−pi e
s cos xdx is a Bessel function].
Eq.(6) is not, however, the final result for the polarization operator. Actually, it
would be a disaster if it would. In the chiral limit M0 = 0, Π
Fig.1(k = 0) = 1/(a4F 2) 6= 0.
3
That would mean that the massless on the tree level pions acquire a mass (involving a
quartic ultraviolet divergence) after renormalization. That would break chiral invariance
[manifest in the lattice action (2)] which looks like a nonsense. The paradox is resolved by
taking into account the fact that the path integral in chiral theory contains the integration
over SU(2) matrices U with the invariant Haar measure (otherwise the quantum theory
would not be chirally invariant, indeed). We have:
∫
[dU ] =
∫
Πn,a
dUan
U0n
∼
∫
Πn,a
dUan
1− 1
2
U2n
∼
∫
Πn,adπ
a
n exp
{
−
∑
n
ln
(
1−
1
2
π2n/F
2
)}
. (11)
Expanding logarithm, we obtain the extra term − 1
2F 2
∑
n π
2
n in the effective lattice action
and, correspondingly, the following contribution in Π(k)
∆Π(k)[measure] = −
1
a4F 2
(12)
[in the continuum limit, the contribution from the measure has the form ∼ F−2δ(4)(0)].
We see that the quartic divergent additive contributions to the pion mass coming from
the 1-loop graph in Fig.1 and those from the measure cancel out completely.
The quadratic ultraviolet divergences in Π(k) survive, however. Adding the contribu-
tions (6) and (12) and retaining the leading terms, we obtain
Π(k) =
1
a2F 2
[
3IM20
2
+ k2
(
I −
1
8
)]
+ o
(
1
a2
)
. (13)
We can now go over into the Minkowski space (with k2E → −k
2
M , ΠE → −ΠM )
and find the renormalized value of the mass as the solution to the dispersive equation
k2M =M
2
0 +ΠM(k
2
M). We obtain
M2phys =M
2
0
[
1 +
1
2F 2a2
(
I +
1
4
)
+ · · ·
]
, (14)
The residue of the propagator at the pole is
Z = 1−
1
F 2a2
(
I −
1
8
)
+ · · · . (15)
Let us do the same with an arbitrary parameterization. Define new fields φa so that
πa = φa + Cφa
φ2
F 2
+ · · · . (16)
Note that the choice C = −1/6 corresponds to the exponential parametrization U =
exp{iτaφa/F}.
When substituting (16) in (4), the quadratic terms are not changed and the terms
∼ φ4 have the form:
S(4) =
a2
F 2
∑
n,µ
[(
2C +
1
4
)
φ4n −
1
4
φ2n+eµφ
2
n − 2Cφ
2
nφ
a
nφ
a
n+eµ
]
+
M20a
4
8F 2
∑
n
(1 + 8C)φ4n . (17)
4
Aµ Aν
Figure 2: Renormalization of Fpi.
In a general parameterization, the contribution from the loop graph in the pion po-
larizational operator is
ΠFig.1(k) =
2
a2F 2
{∑
µ
[(1 + 20C)D(0)− cos(kµa)D(aeµ)− 10CD(aeµ)−
10C cos(kµa)D(0)] +
5
4
(1 + 8C)M20a
2D(0)
}
=
1
a4F 2
(1 + 10C) +
1
a2F 2
{
IM20
(
3
2
+ 10C
)
+ k2
[
I(1 + 10C)−
1
8
]}
+ o
(
1
a2
)
. (18)
The contribution from the measure is
∆M20 [measure] = −
1
a4F 2
(1 + 10C) , (19)
i.e quartic divergences coming from the measure and additive divergent contribution from
the graph in Fig.1 cancel each over in any parameterization. 1
Solving again the dispersion equation with the polarization operator (18), one can
readily see that the pole position of the propagator does not depend on the parameteriza-
tion parameter C to the order ∼ 1/F 2 and is given by the relation (14). Nothing prevents,
however, for the residue of the pion propagator to depend on the parameterization, and
it does:
Z = 1−
1
F 2a2
[
(1 + 10C)I −
1
8
]
+ · · · . (20)
Let us calculate now the renormalization of the effective chiral coupling constant F .
The latter is defined as the residue of the correlator of flavor non-singlet axial currents
Aaµ(x) at the pion pole
∫
d4xeikx < Aaµ(x)A
b
ν(x) >∼ F
2 kµkν
k2 −M2pi
δab . (21)
Technically, it is somewhat more convenient to pick up the coefficient of the structure
∼ gµν in the correlator; due to the chiral current conservation in the chiral limit, the
coefficients of these two tensor structures are the same.
There is only one relevant 1-loop diagram depicted in Fig.2.
1A particular choice C = −1/10 where no quartic divergences in mass appear whatsoever is especially
convenient.
5
It involves the vertex < AµAν |ππ >which can be found by ”covariantizing” the deriva-
tives in Eq.(1) by the rule ∂µU → ∂µU − i(AµU + UAµ) with Aµ ≡ A
a
µt
a. 2 We have
∆F 2 = −2D(0) and hence, in the chiral limit,
F 2phys = F
2
0
[
1−
2I
F 20 a
2
+ · · ·
]
(22)
in any parameterization.
3 Two-loop calculations.
We will calculate here only the additive two-loop corrections ∼ 1/F 4a6 in the pion mass
in the chiral limit (M20 ≡ 0) and show that, after taking into account carefully all the
contributions (including the relevant contributions from the measure), the final result is
zero. We will work in the Weinberg parameterization.
To do the calculation, we are in a position to expand the action (2) up to the terms
π6/F 4 which have the form:
S(6) =
a2
8F 4
∑
n,µ
(π6n − π
4
nπ
2
n+eµ) . (23)
The relevant two loop graphs are depicted in Fig.3 where crosses stand for the mea-
sure factor. Extracting the 6-pion vertex from Eq.(23) and substituting the free lattice
propagator (5), the contribution of the graph in Fig.3a in the pion polarization operator
is:
Πa(k2) =
5
a2F 4
∑
µ
[3D2(0)−D2(aeµ)− 2 cos(kµa)D(0)D(aeµ)] . (24)
Setting here k = 0 and substituting the propagators (7, 8) in the form (9), we find the
additive divergent contribution in the mass:
∆(M2pi)
F ig.3a =
10
a6F 4
(
I −
1
32
)
. (25)
The graph in Fig.3b can be calculated using the 4-pion vertices from Eq.(4). Putting
k = 0 from the very beginning, we obtain
ΠFig.3b(0) =
−
1
4a6F 4
∑
µ,ν
∫ pi
−pi
d4xd4y
(2π)8
5− 10 cos(x+ y)µ + 2 cosxµ cos yν + 3 cos(x+ y)µ cos(x+ y)ν∑
α,β,γ(1− cosxα)(1− cos yβ)[1− cos(x+ y)γ]
(26)
2This is all very much parallel to conventional calculations in chiral theory with dimensional regular-
ization [1] or when calculating the effects due to finite temperature [4] (see recent [5] for review) or to an
external magnetic field [6].
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Figure 3: Polarization operator in two loops.
which can be rewritten as
ΠFig.3b(0) = −
1
a6F 4
(
4I −
3
16
)
−
1
2a6F 4
J (27)
where
J =
∫ pi/a
−pi/a
d4xd4y
(2π)8
[
1∑
µ(1− cosxµ)
−
1∑
µ(1− cos(x+ y)µ)
] [
1−
2∑
ν(1− cos yν)
]
. (28)
Integrating over d4x first and using the fact that the integration region covers the whole
period of the cosine functions (so that the shift xµ → xµ + yµ does not change the value
of the integral), we see that J = 0. The corresponding additive mass correction is given
by the first term in (27):
(∆M2pi)
Fig.3b = −
1
a6F 4
(
4I −
3
16
)
. (29)
The graphs in Fig.3c,d have the same structure as that of the 1-loop graph in Fig.1,
only we have to substitute there the 1-loop correction to the scalar propagator rather
than the tree expression. We obtain:
ΠF ig.3c,d(k2) =
2
a2F 2
∑
µ
[∆D(0)−∆D(aeµ) cos kµa] (30)
7
where
∆D(x) = −
∫
d4q
(2π4)
eiqx Π(1)(q)
[ 2
a2
∑
µ(1− cos qµa)]
2
, (31)
with Π(1)(q) being given by the sum of the contributions (6) and (12) at M20 = 0 :
Π(1)(q) =
2D(aeµ)
a2F 2
∑
µ
[1− cos(qµa)] =
2(I − 1/8)
a4F 2
∑
µ
[1− cos(qµa)] .
We obtain
∆D(0) = −
1
a4F 2
I
(
I −
1
8
)
,
∆D(aeµ) = −
1
a4F 2
(
I −
1
8
)2
. (32)
Therefore
(∆M2pi)
Fig.3c,d = ΠFig.3c,d(0) = −
1
a6F 4
(
I −
1
8
)
. (33)
Finally, the Fig. 3,e corresponds to the expansion of the factor 1/U0 in the group
measure (11) up to the terms ∼ π4 which effectively produce the following correction to
action:
S(6)[measure] = −
1
4F 4
∑
n
π4n , (34)
and, correspondingly, to the 4-pion vertex. The calculation gives
(∆M2pi)
Fig.3e = ΠFig.3e(0) = −
5I
a6F 4
. (35)
Adding up the additive ultraviolet divergent contributions (25), (29), (33) and (35)
together, we find that total sum is zero, so that a massless pion stays massless, indeed.
Let us comment on the other possible contributions in the pion polarization operator
to the order ∼ 1/F 4. They come from the 1-loop graph in Fig.1 where the 4-pion vertex
is extracted not from the leading order lagrangian (1) but from the higher derivatives
terms:
L(4) =
1
4
l1[Tr{∂µU
+∂µU}]
2 +
1
4
l2[Tr{∂µU
+∂νU}]
2 + · · · (36)
where l1,2 are some phenomenological parameters (or, better to say, some infinite con-
stants in the free chiral lagrangian which will be transformed into finite phenomenological
parameters after renormalization). However, the 4-pion vertices following from Eq.(36)
are quartic in momenta. One can be convinced that the vertex is zero for zero value of
the external momentum and the corresponding contribution is proportional to the square
of external momentum and affects only Z-factor, not the additive term in the mass renor-
malization.
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4 Conclusions
The method of calculations with the lattice regularization developed here presents an
alternative to the standard dimensional regularization method. It is very explicit and
physical and, though the calculations on the 4-dimensional lattice are slightly more in-
volved than the calculations in the continuous space of the dimension 4 − ǫ (or, rather
just less habitual), these complications are not so serious. The main distinction compared
to the dimensional regularization method is that power ultraviolet divergences are not
”swept under the carpet”, but are seen explicitly. Thereby, the main realm of application
of our method could be the problems where the structure of power ultraviolet divergences
in a non-renormalizable theory needs to be analyzed.
We calculated explicitly quadratically divergent pieces in Fpi, Mpi and in the residue
of the propagator Z [see Eqs. (22), (14) and (15)]. We did not study the logarithmi-
cally divergent pieces whose structure should be roughly the same as with dimensional
regularization. It would be an interesting methodic problem to verify it explicitly.
We are indebted to H. Leutwyler for illuminating discussions. This work was done
under the partial support of RFBR INTAS grants 93-0283, 94-2851, RFFI grant 97-02-
16131, CRDF grant RP2-132, and Schweizerischer National Fonds grant 7SUPJ048716.
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